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Abstract. We consider the semiclassical Schrodinger-Poisson system 
with a special initial data of WKB type such that the solution of the 
limiting hydrodynamical equation becomes time-global in dimensions at 
least three. We give an example of such initial data in the focusing 
case via the analysis of the compressible Euler-Poisson equations. This 
example is a large data with radial symmetry, and is beyond the reach of 
' the previous results because the phase part decays too slowly. Extending 

, previous results in this direction, we justify the WKB approximation of 

• ■ the solution with this data for an arbitrarily large interval of R+ . 

1. INTRODUCTION 

J> ' This paper is devoted to the study of the semiclassical limit e ^ for the 

. Cauchy problem of the semiclassical Schrodinger-Poisson system for (t, x) G 
^ ■ X M" 

(N 

§s : (1-1) 
o 



' 2 

-AV^ = \u'\\ V^eL°°{W), Fp^ ^ as |x| ^ oo, 



where n ^ 3, e is a positive parameter which corresponds to the scaled 
Planck constant, and A is a real number. In addition, the "initial amplitude" 
Aq is complex-valued and the "initial phase" is real-valued. Precise 
assumption on them is in Assumption 1.1. It is known that, if n ^ 3 then 
Vp G L°°(R"') is uniquely determined from n*^ G n L°° as 

Cn{\xr^*\u'f), 

where Cn is a positive constant. Therefore, the Schrodinger-Poisson system 

(1.1) can be regarded as a special case of the Hartree equation 

(1.2) iedtu' + —Au' = A(|xP * |n^p)-u^ 

For the well-posedness results on (1.1) and (1.2) for fixed e > 0, see [8] and 
references therein. 

In this paper, we are interested in the WKB type approximation for the 
solution of (1.1): 

■ d)(t,x) o 

(1.3) n"(t,x) ~e*^(/5o(t,x)+e/?i(t,x)+e2/?2 + ...) 
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as £ — >■ 0. One way to justify (1.3) is to employ a modified Madelung 
transform 

(1.4) u^{t, x) = a^{t, x) exp f ^ ^ — - 



and consider the system 

2 2 



(1.5) 



1 6 

dta" + V(/)^ • Va^ + -a''A(/)^ = i-Aa", a^(0, x) = ^o(^); 



dt<lf + ^|V<^^|2 + = 0, 0^(0, x) = $o(a;); 

- Ay^ = |a^|^ Fj? G L°°(R"), ^ as |x| ^ oo. 



Note that takes complex value. Our strategy is to obtain an expansion 
like 

a!^ = aQ + eai + £^02 H , (f)^ = + ecfti + £^02 H , 

which yields (1.3) together with (1.4). This method is first applied to an- 
alytic data [15] and to Sobolev data [16] for certain class of defocusing 
nonlinear ities, and is generalized to other local nonlinearities in [1, 4, 11] 
and to some nonlocal nonlinearities in [2, 7, 19, 20]. For this method, see 
also [6, 14]. One verifies that the principal part (oq, ^0) of (a*^, (ff) solves, at 
least formally, 

dtttQ + V^o • Vao + ^aoA^o = 0, ao|t=o = -4o, 



(1.6) 



5t0o + ^|V(^oP + AVp = 0, </,o|^^o = $o, 

-AFp = |aoP, FpGL°°(M"), yp ^ as |x| ^ 00, 



where Aq := limg^o^o- ■'■^ general, the classical solution of (1.6) breaks 
down in finite time by a formation of singularity. The space-time set where 
the solution ceases to be smooth is called caustic. At the caustic, the WKB 
type approximation (1.3) also breaks down. The shape of the caustic set 
depends on the initial data of (1.6). The aim of this paper is to justify the 
large time WKB with a special initial data of WKB type which does not 
cause the caustic. 

Whether the caustic phenomena occurs or not boils down to the problem 
of global existence of the classical solution to (1.6). By choosing p := jaoj^ 
and V := V(/)o, we find that (1.6) becomes the compressible Euler-Poisson 
equations (sec (2.1), below). The classical solutions of the compressible 
Euler-Poisson equations are studied in [9, 10, 12, 21]. We see from [12] that 
there is an example of the initial data which does not cause the caustic, 
provided n = 1 and A > (repulsive case, or defocusing case). For such 
initial data, the large time WKB analysis of (1.1) is shown in [20]. It is 
pointed out in [21] that, for 77, ^ 3 and under certain conditions such as 
radial symmetry, such example exists if A < (attractive case, or focusing 
case). Our results are based on this respect. 

1.1. Main result. We denote by iJ^(M") the usual Sobolve space: iJ*(M") = 
{/ e L2(R"); (1 - Ay/'^f e L2(M")}. Let us write = H^{W), for short. 
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Assumption 1.1. Suppose n ^ 3 and A < (focusing case). Let "expansion 
level" N be a positive integer. We suppose the following conditions with some 
s > n/2 + 2N +1: 

(1) The initial amplitude Aq G H^~^^{R'^) writes 

N 

Af^ = Ao + Y^ e^Aj + 0(e^+i) in H'+\W'). 
Namely, there exist Aj G H^'^^ (j = 1, . . . ,N) such that lim sup£_>o ||^o~ 

(2) The limit Aq of the initial amplitude is radially symmetric, that is, 
Ao{x) = Ao{\x\): M+ C. Moreover, there exist \s] + 3 — n/2 
and 6 G (0, 1/4] such that Aq e CW+3((0,oo)) satisfies 

(1-7) Ao(r) ^0, Vr > 0; lim sup ' ° < oo 

for all j G [0, [s] + 3], and that the following limits exist and are 
nonzero: 

(1.8) lim lim +31)(,-), 

where [s] denotes the minimum integer larger than or equal to s. 

(3) The initial phase $o a radial function ^q{x) = ^q{\x\): M+ — ^ M 
5i?;en /rom 6y the formula 

(1.9) $o(r) = y^ („ - 2')!s»-2 l-4o(cT)|V"-idad. + const. 

We now state our main result of this paper. 

Theorem 1.2. Let Assumptions 1.1 he satisfied. Then, for any T > and 
e > with £ ^ Cie-^2T^ ^j^^^^ ^^^^^ ^ solution G C([0, T];H-'+'^) of (1.1), 
and there also exist (f)o G C{[0,oo);C^^+^) and pj G cl[0, oo); H'-^^+^) 
such that the approximation 
(1.10) 

= e'^ (/3o + + . . . + e^-i/3^_i + 0(e^)) m L°°([0, T]; F^-^^+i) 

holds, where C\ and C2 are positive constants. Moreover, C2 is independent 
ofN. 

In other words, this theorem tells us that, for any < e <C 1, the solution 
of (1.1) exists and (1.10) is valid for t ^ log i + C[. 

Remark 1.3. We remark that the initial amplitude A^ is not necessarily a 
radial function, though its limit ^0 is supposed to be radially symmetric. A 
simple example of Aq which satisfies Assumption 1.1 is ^o(^) = r'^iplr) + 
r~ 2"~'^(1— ■i^(r)), where ^(r) G C°°((0, 00)) is a function such that ^ ^ ^ 1, 
il){r) = 1 for r < 1, and '0(r) = for r > 2. 

Remark 1.4. The initial data which satisfies Assumption 1.1 is not neces- 
sarily a small data. Indeed, if some (Ao-*&o) satisfies this assumption and if 
a is a complex number, then (a^O) |ck|3*o) also satisfies this assumption. 
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Remark 1.5. Notice that $o given by (1.9) belongs to L°°(M") if and only 
if n ^ 5. One also sees that V$o belongs to LP{R'^) only if p > 2*. This is 
due to the lack of decay at spatial infinity. 

Theorem 1.2 follows from Theorems 1.6 and 1.10, below. To state them, 
we make some definitions and notation. For n ^ 3, s > n/2 + 1, p G [1, oo], 
and q G [l,oo], we define a function space l^'*,j(M") by 



(1.11) Y^^g{W) = Co°°(R")"'"^i'''«(*"' 

with norm 

(1-12) IH|-K;?„(R") •= IMIlp(M") + ll^"llL9(Rn) + ||^^"||//s-2(]Kn) • 



We denote Yp ^ = 1^*^^(M"), for short. This space 1^*^, introduced in [22], 
is a modification of the Zhidkov space X^, which is defined, for s > n/2, 
by X%W'') := {/ G L°°(M")|V/ G i7^-i(R")}. The Zhidkov space was 
introduced in [26] (see, also [13]). Roughly speaking, the exponents p and q 
in g indicate the decay rates at spatial infinity of the function and of its 
first derivative, respectively. Moreover, '= 2 if ^ ^ and Y22 = H^. 
We use the following notation: 

where Ii and I2 are intervals of [l,oo]. These notation are sometimes used 
simultaneously. For example, Yf^ := Cipi^i^^q'^i^Yp, For q G [l,n), we 
use the notation q* = nq/{n — q). The following two relations are sometimes 
useful: g < g* < 00; > (?2 if ^'^d only if gi > g2- If / G Y^ ^ then 
|V/| — > as |x| ^ 00 by definition, and so ||V/||^cx) ^ ||^^/||_h-s < 00 hy 
Sobolev embedding, which means Y^ ^ = Y^^^^y Similarly, it follows from 
the Sobolev embedding and Lemma 4.1, below, that 

^P,q = ^p*,[min(qr,2*),oo]' Yp,q ^ Yq*,q '^^ Q < n. 

We first claim that (1.6) has a radial global solution under Assumption 
1.1. For a solution (ao,^o) of (1.6), we here introduce 

(1.13) 7]{T) = 7]{T-s,p,q) = sup ( ||ao(i)||j^«+3(R„) + \\^ 'Po{t)\\Y^+\m^)] > 

te[o,T] ^ ^ ' v,i \ )j 

which is the key value for combining the following two theorems. 

Theorem 1.6. Let Assumption 1.1 he satisfied, Then, there exists a ra- 
dial global solution (ao,(j)o){t,x) = {ao,(j)o){t, \x\) of (1.6) satisfying OQ^t) G 
H-'+^W), Mt) e C"^^^, and VMt) G ^(2tto],(2,oo] * ^ 0- ^^'^e- 

over, for any po > 2* and qo > 2 + A5/n, it holds that 

(1.14) ll«0(i)|lL2(IRn) = ||^0||L2(]Kn) , 1 1 VOq (t) || J^,+2 (Rn) = o(l), 

(1.15) ||V</.0(i)||v,+4 ,(Mn)=0(l) 

as t ^ 00. In particular, r}{T; s,p,q) = 0{1) as T 00 for all p > 2* and 
q>2 + AS/n. 
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Remark 1.7. Under the following three assumptions; (i) n ^ 3 and the radial 
symmetry; (ii) £ L^(M"); (iii) V$(0) = (by the radial symmetry) and 
V<I>o decreases at spatial infinity; the classical solution {ao,4'o) of (1.6) is 
time-global if and only if A < and $o is given by (1.9) (see Theorem 2.2). 

We now consider the WKB analysis of (1.1). Let us go back to the 
equation (1.5). It is proven in [2] that this system has a local solution 
(a^, 0^) for ^ e <C 1 and the solution can be expanded as 

= ao + eai + e^a2 H , (p'' = (po + ecpi + £^4)2 H 

for a class of initial data of WKB type (see, also [7]). However, the initial 
data satisfying Assumption 1.1 is out of framework of this results because 
the spatial decay of the phase function <I>o is slow. So, we extend the result 
in this direction (see Remark 1.11, below). 

Assumption 1.8. Let n ^ 3 and A G M. Let N he a positive integer. We 
suppose the following conditions with some s > n/2 + 2N + 1.- 

• The initial amplitude Aq satisfies (1) of Assumption 1.1. 

• The initial phase $o e C'^^+^(MP) satisfies V$o e Y^+'^{W) for some 
p G (2*, oo] and q G (2, n) with p^ q. 

Remark 1.9. Assumption 1.8 is weaker than Assumption 1.1. In particular, 
Aq and $o are not necessarily radially symmetric. 

Theorem 1.10. Let Assumption 1.8 he satisfied. Suppose that (1.6) has 
a glohal solution (ao,(/'o) which satisfies ri{T; s,p,q) < oo for all T < oo. 
Then, for any T > and e > with e ^ Ciri{T)e^'-^'^''^^^^ , there exits a 
solution G C{[0,T];H^+^), and there also exist Pj G C([0, oo); iJ^-^j+i) 
such that the approximation 
(1.16) 

= e'^ (/3o + + • • • + s^'-'Pn-i + 0(e^)) in L°°([0, T];H'-^^+^) 

holds, where Ci and C2 are positive constants. Moreover, C2 depends only 
on n and s. 

Remark 1.11. In [2] and [7], the assumption on the initial phase $0 is that 
$0 e L°^, V<I>o e L2*nL"-nL°°, and V^^o e i^nL~ (up to a subquadratic 
polynomial). Here, we assume V$o £ L'^*'^ H and V^$o G H L°° at 
best. Remark that in our framework, $0 does not necessarily belong to any 
Lebesgue space nor is not a polynomial, as in (1.9). 

Remark 1.12. In Theorem 1.10, the constant C2 is independent of the N 
and the initial data. This point is an improvement because this constant 
was proportional to in [20]. On the other hand, Ci depends on them. 
However, the influence of Ci is much smaller than of C2. 

The rest of this paper is organized as follows: We prove Theorems 1.6 
and 1.10 in Sections 3 and 5, respectively. Sections 2 and 4 are devoted to 
preliminary results for the proofs. In Appendix A, we prove some results on 
the radial compressible Euler-Poisson equations which we use for the proof 
of Theorem 1.6. 
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2. Preliminaries for the proof of Theorem 1.6 

In this section, we collect some preliminary results which will be used for 
the proof of Theorem 1.6. In Subsections 2.1 and 2.2, we give an explicit 
example of the global solution to (1.6) based on results in [21]. We also show 
an elementary equality in Subsection 2.3. 

2.1. Global existence of the solution to the compressible Euler- 
Poisson system. Let (ao,(/)o) be a solution of (1.6). Then, one easily sees 
that p := |aoP and v := Vcpo solve the compressible Euler-Poisson equations 

' dtp + div{pv) = 0, p\t=o = l^oP, 

(2.1) <^ dtv + {v ■ V)v + AVVp = 0, vit=o = V$o, 

_ - AVp = p, Vpe L°°(M"), Fp ^ as \x\ oo. 

Now, wc assume the radial symmetry and consider the radial version of (2.1) 

' + r-("-i)a,(r"-iH = 0, p(0,r) = po{r) := \Ao{r)\^; 

(2.2) < vt + vdrv + Xdr Vp = 0, v{0, r) = VQ{r) := $[,(r); 

^ - r-("-^)9r(r''- Vp) = p, Vp G L~, Vp ^ as r ^ oo, 

where unknowns are now real-valued functions p : — > and v : 

M. Let us introduce several function spaces. For a nonnegative integer k, 

we define 

' |C([0,oo)) nC'=((0,oo)) ifA;^l. 

Similarly, we define 

:=-D^TlLi((0,oo),r"-idr), D'^ := n l2((0, oo), r^-^dr) 
for ^ and 

'c\[0,og)) ifk = l, 

CH[0,oo)) nC^((0,oo)) ifA;>l 

for A; ^ 1. Let us start with the following theorem announced in [21]: 

Theorem 2.1 (Corollary 1.17 in [21]). Let n ^ 3, or n ^ 1 and A < 0. 

Suppose po G Dp is not identically zero and vq G satisfies vq{0) = and 
vq ^ as r ^ oo. Then, the solution of (2.2) is global if and only ifn^3, 
A < 0, and the initial data is of particular form 



Suppose A < and n ^ 3. If po € for some k ^ and if vq is as above, 
then Vq G D^~^^ and the corresponding solution is 

pGC2([0,cx)),D^)nC°°((0,cx)),i^^), 
V G ^^([0, oo), d''+^) n C~((0, oo),D''+^) 
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and given explicitly by 

v{t,Xit,R))=voiR)(^l + ^^^ty \ 

where X{t,R) = R{1 + Moreover, this solution is unique in 

C^([0, oo), D^) X C^{[0, oo),D^). Furthermore, a pair of functions of {t, x) G 
M+ X defined as r{t,x) := p{t, \x\) and v{t,x) := ■^^v{t, \x\) solve (2.1) 
in the distribution sense. 

In [21], the proof of this theorem was left incomplete. We illustrate the 
proof in Appendix A. 



2.2. Global existence of the solution to (1.6). We consider the radial 

version of (1.6): 

(2.4) 

dtao + dr(t)odrao + ^^°_^ dr{r"'~^dr(l)o) = 0, ao|t=o = Aq, 



1 

2' 

-ar(r"-^9^Fp) =r"-VoP, e L°°(M+), Fp ^ as r ^ 00. 



dt<po + - {dr4of + AVp = 0, </)o|t=o = 



Theorem 2.2. Suppose n ^ 3, or n ^ 1 and A < 0. Suppose A{j G 
is not identically zero and $0 € D'^ satisfies $o(0) = and '^^{r) — as 
r 00. Then, the solution of (2.4) is global if and only ifn^3, A < 0, 
and the initial data is of particular form 

(2.5) $o(r) = r J , /' \Ao{a)\^ar^-Hads + const. 

Jo \ Jo 

Moreover, if Aq G for some k ^ 0, then the above $0 belongs to D^"^ 
and the corresponding global solution 

ao G C\[0, 00), D^J n C-((0, 00), D^) 

cf>o e C\[0, 00), L>J+2) n C-((0, 00), 

are given explicitly as 
(2.6) 



.,..,,.))^.«(..!^.)-'(..|™. 



2 x-l 



(i?) 



, XX .X t f , , .9 n-2 %irf \ 

boit, x{t, R)) = MR) + 2 K(^) + ^ -^r^'^n + 



t-1 

I 

- 1 



dr, if n 4, 
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where X{t,R) = R{1 + ^^^^t)^/", and g is a function of time given by 
9{t) = 

2|A| p |Ao(r)|V [/ n%{r) \ 

{n-2){4-n)Jo %{r) [\ 2r J 

Furthermore, the solution is unique. 

This theorem is an immediate consequence of Theorem 2.1 and the fol- 
lowing lemma, which is a modification of [20, Lemma 3.1]. 

Lemma 2.3. Let Aq G and $o G ^J"^^ for some k ^ 0. Then, the 

following two statements are equivalent; 

(1) the system (2.4) has a unique solution (ao,(/>o) in C([0,T), x 

(2) the radial Euler-Poisson equations (2.2) has a unique solution {p, v) 
in C{[0,T),D^ X D''+^) n C\{0,T),D^ x D''+^) with {p,v)\t=Q = 

i\Ao\',K)- 

Moreover, the maximal existence times o/(ao,0o) o-nd of{p,v) are the same. 



2.3. An equality. In the forthcoming section, we will investigate the reg- 
ularity of the radial global solution given in Theorem 2.2. Especially, we 
investigate higher derivatives of qq and 00 . The following equality is useful, 
which reflects the special structure of the initial data. 

Lemma 2.4. Let n ^ 3 and A < 0. Suppose Aq G C^((0, do)) for large 
integer M. Define 



Voir) 



2|A| 



{n - 2)r 



^ r \Ao{s)\^s-^ds. 
Jo 



Then, there exist real constants aj^k o-'f'd Pi,m,k such that the following equal- 
ity holds for k e[l,M + 1]: 



k 



(2.7) ^aj,,r^vi^^ E A,^,. ^' Vi 

i=0 i=l me(NU{0})MmKfc-Z ^0 

where pQ := |^oP) 5^™^ denotes the m-th derivative of g with the convention 
g^^^ = g. Moreover, ak,k = 1^0. 

Proof. By definition, vq satisfies 

2 n — 2vo 

This implies that (2.7) holds if A; = 1 and ai,i = 1. Then, operating rdr 
to the both sides of (2.8) and substituting (2.8) in the right hand side, we 
obtain (2.7) with k = 2. Repeating this argument, we obtain the result. □ 
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3. Proof of Theorem 1.6 

We are now in a position to prove Theorem 1.6. The global solution has 
been obtained in previous section. In Subsection 3.1, we check the regularity 
of the solution at the initial time t = 0. Then, wc investigate the regularity 
of the solution for t ^ and establish an estimate on the time-order as 
t ^ cx) of the norm of the solution in Subsection 3.2. 

3.1. Regularity at the initial time. Let us first consider the regularity 
of the initial data of (1.6) which satisfies Assumption 1.1. 

Proposition 3.1. Let Assumption 1.1 be satisfied. Then, Ao(a;) = Ao(|a;|) 
and *o(x) = M\x\) satisfies Aq € H'+^W) and V*o e ^(2tto],(2,oo](^")' 
respectively. 

Proof. Step 1. We first collect the decay property of Aq, po := |^oP) and 
vq := By (1.7) and (1.8) and the definition of vo , there exist positive 
constants c and C such that 

cr'" ^ \Ao{r)\ ^ Cr^, 

(3.1) cr^" ^ po{r) ^ Cr^", 

cr"^^ ^ voir) ^ Cr'^+^ 

as r — > 0. Then, we use (2.7) with A; = 1 to obtain 

v',ir) = a'^ + p\^^ = 0{r^) 
r Voir) 

as r — > 0. Moreover, assumption (1.7) implies r^ pQ\r) = ©(r^") as r ^ 
for j G [1, \s] +3]. By this estimate and (2.7) with k = j, we see by induction 
that 

(3.2) v^^\r) = Oir^^^-^) 

as r ^ holds for j G [1, [s] + 4]. 

We next consider the decay rate as r ^ oo. Denote by Lqq the second 
limit in (1.8). 7^ by assumption. It follows by rHopital's rule that 

for j G [0, \s] + 3], where T is the Gamma function. Then, we see that 
limr_»oo r"+^+^''/9Q'^(r) exists for j G [0, [s] + 3]. Once they exist, then 

hm r-^^^''pi^\r) = (-l) Vr^^!^fL -"+'Vo(r) 

r— >oo L (n + J + 26) r^oo 

_ , Tin + 26) f TCj + \s]+3 + 6) \\ 

rin + j + 2d) V m + s) J l"^""' 

for all j G [0, [s] +3]. In particular, Po\r) is exactly order r~'^~^~'^^ as 
r — > oo. Then, one sees from (2.7) that 

k 

lim r'z"^ Cij^kr^VQ\r) = 
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for all k £ [1, [s] + 4], where aj^k is the same constant as in (2.7). Since 

ctfc,fc = 1 7^ 0, an induction argument proves that limj.^oo ''^'''■'~^^o^^('') 
{j = 0,1, . . . , \s] + 1) exists. Once they exist, they satisfy 

r(f-i) 



lim r2 

r—^oo 



■IV 



(-1)^ 



r(i-i) 



lim r2 ^vo{r) 



2|A| 



\Mr. 



\2^n-l 



dr ^ 0. 



r(f +i-l)Vn-2yo 
As a result, there exist r\ and constants c and C such that if r ^ ri then 



(3.3) 



for j G [0, \s] + 3] (the third inequality also holds for j = \s] + 4). 

Step 2. Wc show Aq G H^+^iW^). Note that Aq G L'^{W) follows from 
(3.3) and (1.7). Moreover, for k G [1, [s] + 3], we have 

k 



V^Ao 



poo 

^ C V / |r^-M-3^[,-')(r)|2r"-idr < oo 



thanks to (3.3) and (1.7). 

Step 3. Let us prove that V*o e Y,it^ , ,(R"). It follows from (3.1) 
and (3.3) that 

/•oo 

||V*o|lip(Kn) = |?;o(r)|V"-^dr < OO 

if (-n/2 + l)p + n - 1 < -1, that is, if p > 2*. We next consider V(V*o)- 
Note that 



|V(V*o^"' 



3=0 



dr. 



We deduce from (3.1), (3.2), and (3.3) that the right hand side is bounded 
if -{n/2)q + n - 1< -1, that is, if g > 2. The proof of V^(V*o) e L'^{W) 
{k G [2, \s \ +4]) is similar. An elementary computation shows that 



^^(V^o) 



L2(]R") 



y.k j 



„n-l 



dr. 



This is finite because of (3.2) and (3.3) and asumpton k ^ \s\ +3 — n/2. □ 

3.2. Persistence of the regularity. We next show that the global solution 
given in Theorem 2.2 keeps the same regularity as the initial data for all 
positive time, thanks to its explicit representation. 

Proposition 3.2. Let Assumption 1.1 he satisfied. Let {ao{t,r),4'o{t,r)) 
be the global solution of (2.4) given by the formula (2.6) in Theorem 2.2. 
Then, the corresponding global solution 

(3.4) a{t,x) = ao{t,\x\), ^{t,x) = (t)o{t,\x\) 
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of (1.6) satisfies (a(t),V*(t)) G H'+^iW) x >^(2tto],(2,oo](^") * ^ 0- 

Moreover, (1.14) and (1.15) hold. 

Proof. First of all, we put vo{r) = ^o(r') and 

^ ^ 2R ' ^ ^ {n-2)vo{R) °^ ^ 2i? 

Then, they simplify the notation as follows: 

ao{t,X{t,R)) = Ao{R){l+F{R)t)-^/^{l + G{R)t)-^/^, 
drMt,X{t,R)) = vo{R){l + F{R)tf/''-\ 
X{t, R) = R{l + F{R)tf/'', 
dRXit, R) = {1+ F{R)tf'''-\l + G{R)t). 

Step 1. Let us collect the properties of F and G. First is the decay rate 
as i? ^ 0. It follows from (3.1) and (3.2) that 

(3.5) F^^\r) = OiR"-^), G^^\r) = OiR"-^) 

as i? — for all j G [0, [s] +3] (the first estimate also holds for j = |"s] +4). 
Notice that (1.7) gives G{R) > for all R > 0. Therefore, there exist Rq 
and positive constants c and C such that 

(3.6) c^^^C, c^^^C, c^^^C 

holds fov R ^ Rq. a similar argument as in Step 1 of the proof of Proposition 
3.1 shows that there exist Ri and positive constants c and C such that 

cR-^-^ ^ \f'^^Hr)\ ^ CR-^-^, 

for j G [0, \s] + 3] if i? ^ i?i (the first inequality holds for j = \s] + 4). 

Step 2-a. We show the uniform boundedness of V$ G Yp '^^(W^) in time 
for p > 2* g > 2 + 45/n. Since sup^^o(l-^('')l + \G{r)\) < oo, we see that 

l|V*(Olli.(Mn) ^ \vo{RWR''-\l + F{R)t)'-^{l + G{R)t)dR 



for any t ^ and p > 2*, where we have used the fact that is 
bounded uniformly in t and R. The L°° estimate is obtained in the similar 
way. By the Lebesgue convergence theorem, one sees that || V*(t)||£^p(]g„) — 
as t — oo. 
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Step 2-b. We next estimate 

Il'3(R") 



liv(v*)(t)r 





v{t,X) 


JO 


X 



X'^-^dRXdR + C / \v'{t,X)\'iX''-^dRXdR 
Jo 

POO 

\voiRWR''-''-\l + F{R)t)^-%l + G{R)t)dR 

Jo 

+ C \v'o{R)\m''-\l + F{R)t){l + G{R)t)^-''dR 
Jo 

POO 

+ C / |i;o(i?)|«i2"-^(l + F{R)tf-'i{l + G{R)tf-'i\F'{R)\HHR 
Jo 

for q > 45 /n. We divide each time integrals as = /q^" + /j^,^ ~^ Iri- 
We easily handle the seconds and prove that they are order o(l) as i — > oo 
since integrals are over a bounded interval. Hence, we left the detail and 
only establish uniform estimates of the integrals on the intervals (0, Rq) and 
(i?i,oo). 

By (3.6), is bounded from below and above uniformly in time for 

R ^ Rq. Therefore, 

/ |uo(-R)|«ii:"-*-^(l + F{R)t)^~i{l + G{R)t)dR 
Jo 

rRo 

+ / \v'o{R)\m''-\l + F{R)t){l + G{R)t)^-idR 
Jo 

fRo 

R'"i+''-\l + F{R)tf-'idR. 

Jo 

Apparently, these two terms are order o(l). Similarly, ^ CR"^^ 

yields 

;>oo 

/ \vo{R)\'^R''-'^-\l + F{R)tf-i{l + G{R)t)dR 
Jri 

POD 

+ / \v'oiR)\m''-\l + F{R)t){l + G{R)t)^-'^dR 
Jrj 



iRi 

POO 

^ C / R-^i+^'-^+^^dR < GO 
Jri 



if -§g + n + 25 < 0, that is, if g > 2 + A5/n. On the other hand, 
fRo 

/ \voiR)\^R''-Hl + F{R)t)^-'i{l + GiR)t)^-''\F'iR)\H'idR 
Jo 

fRo 

^ C / R'^i+^-'^ [R^i{l + F{R)t)-H'i) dR. 
Jo 

It follows from the Young inequality that 

R^i{l + F{R)tf-'^H'i ^ R'^H'^iCRH)-" ^ C. 
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Therefore, this term is also bounded. Similarly, 

/•oo 

/ \voiRWEJ'-\l + F{R)t)^-i{l + G{R)t)^-'i\F'{R)\H'^dR 

jRi 

C P ji-^q+n-i+25 j^^-f + F{R)tf-^H'i^ (1 + G{R)tf-UR. 

This is uniformly bounded ast— ^oo ifg> 2 + A5/n because the following 
estimate is true for R^ Ri: 

^ 'I 1 . 
l + R-2t J 

Step 2-c. Finally, let us prove V'^CV*) G L'^{W) for A; G [2, \s] + 4]. 
Note that 

2 



k 

(3.8) V'=(V*)(t) ^ [ 



,=0-0 



d?-v{t,X{t,R)) 



X{t, Rf-i 



X'^-'dnXdR. 



For simplicity, we define v{t,r) := dr(f){t,r). By the explicit representations 
of vq and OrX, we obtain 

(3.9) {d',v){t,X{t,R))= Yl E 

;j^0,/2<fe,ii+i2+i3<fc mie(NU{0})'<,|mi|+|m2|=fc-h-i2-i3 
Ck,l„m,,mA'\m + F(i?)t)('=-'Hl-f )-'!(! + G(i?)t)-'=-'^t'i+'^ 

h h 

11 = 1 12=1 

Therefore, our task is to prove that 

(3.10) P -M!^g^(l + F(i2)i)2i+i-f-2'i(l + G{R)tf-^i-2ht2h+2i, 

h h 

X JJ F(i+"»Hi)(i?)2 JJ G^^+'^^'^XRfdR < oo 

11=1 «2 = 1 

for each k G [2, [s] + 4], j G [0,fc], ^ (i = 1,2,3) with h < j and 
^1+^2+^3 ^ j, and mj G (Nu{0})'' (i = 1, 2) with |mi| + |m2| = j-h-h-h- 
We divide /q°° = /q^° + + and denote the left hand side of (3.10) as 
•^1 + -^2 + -^3- As in Step 2-b, it is easy to see that J2 is finite and tends to 
zero as t ^ 00. 

We now estimate J\. By (3.1), (3.5), and (3.6), J\ is bounded by 

C / (ii'^+l-«3)2^-2fc+2j+n-l -Q ^^K-l-m„^-)2 "Q {^R^-^-m2i^f ^R 

•'^ n=l 12=1 

[■Rq 

= C / ^2«-2(fc-l)+n+2K(;i+/2)-l^^ < ^ 

because 2k — 2(A; — 1) + n > 2k — 2(|"s] + 3) + n > by the choice of k. 
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We finally treat J3. From (3.7), it is bounded by 

foo u-n+2-2l3-25 h h 



poo n—n+Z—Zls-Zd J^i 

(3.11) c n (^-^-^-"- ? n (i^-i-^--^-^^)^ 

•^^1 ^ n=i i2=i 

X f ^i^^") (1 + F(i?)i)i- (1 + G{R)tf-^'H''^'^+'-^dR. 
V 1 + G{R)t J 

By Young's inequality and (3.7), we have 

(1 + F(i?)t)l-l^-2'i(l +G(i?)t)l-2'2t2(h+/2) ^ c'^n(/i+/2)+25max(0,a2-f 

Therefore, (3.11) is bounded by 

poo 

C / iJ-2(fc-l)+<5(4j-2-2mm(2i2,f 

whichisfiniteif-2(/c-l) + (5(4j-2-2min(2l2,^-l)) < 0. Since j G [0,k] 
and /2 € [0, j], this condition is satisfied for all j and I2 if — 2(A; — 1) + (5(4fc — 
2 — 2min(0, ^ — 1)) < 0. The latter condition can be written as 

. fl 1 n n \ /II 1 

< mm I — , — — ^ min I — , 7 + 



2 4fc-2'2(n-2) 2A;(n - 2) y ^ \3' A 2{n-2) 

thanks to the fact that the range of k is [2, \s~\ + 4]. 

The estimate of a is similar and so we omit the detail. We only note that 
the norm is conserved: By the explicit representation of 0,0 1 

/•oo 

l|a(i)||i2(Kn) = \aoit,X{t,R))\^Xit,Rr-^dRXit,R)dR 
\Ao{R)\^R''-^dR. 



f 

Jo 



□ 



Remark 3.3. The similar proof shows G ^pJi^ p > 2* and 

q € (2, 2 + 4(5/n] at the sacrifice of the uniform bound in time. We only have 
to replace the bounds of 1 + F{R)t and 1 + G{R)t with rougher ones: 

1^1 + F{R)t, 1 + G{R)t ^ 1 + 1 sup(|F(i?)| + \G{R)\). 

R 

We note that also the assumption Ao(r) 7^ (r > 0) is needed only for the 
uniform boundedness in time. 



4. Preliminaries for the proof of Theorem 1.10 

4.1. Some estimates. We first recall a consequence of the Hardy-Littlewood- 
Sobolev inequality, which can be found in [17, Th. 4.5.9] or [15, Lemma 7]: 

Lemma 4.1. If ip e V'{W) is such that djip G LP{W) (j = 1, . . . ,n) for 
some p g]1, n[, then there exists a constant c such that ip — cE L^(R"'), with 
1/p = 1/q + 1/n. 



The next two lemmas can be found in [5, 18]: 
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Lemma 4.2 (Commutator estimate). Let s ^ Q he a real number and k ^ 
be an integer such that k ^ s. There exists C > such that 

\\A%fg) - /A^5|Il2 ^ C(||V/||^oo + ||VVllff-'c ll^l^oo). 

Lemma 4.3. Let s ^ be a real number and k ^ be an integer such that 
k ^ s. There exists C > such that 

(4.1) \\A%fg)h2 ^ Cmins Ibllioc + ll/ILoo ||V^5lli/-0, 
for all f eH'nL°° andgeH'^nH'n L°° , and that 

(4.2) \WVU9)\\l^ ^ C{\\Vf\\Hs II^IIloc + ll/ILoc llVffll^.), 
for all f,geH^r]H'nL°°. 

The following lemma is a modification of the results in [2, 7]: 

Lemma 4.4. Let n ^ 3, k ^ M+, and s G M. Let 7 G {0,n) satisfy 

k. Then, there exists Cs such that 

^\WA-'*f)\^^^Cs{\\f\\„s 

Proof. Since T\x\~'^ 



^ - k < J ^ n 



+ 11/11^0, V/GL^ni/^ 



C\^\-n+j foj. ^ g (Q^^)^ it holds that 



|V|'(N-^*/) 



c 



s \c\-n+'i+k 



L2 



The high frequency part (|^| > 1) is bounded by C 



H- 



if-n + 7 + A; ^ 0. 



On the other hand, the low frequency part (|^| ^ 1) is bounded by 



c 11^/11 



2(-n+7+fc) 



if 2(— n + 7 + A;) > — n, that is, if 7 > n/2 — k. 



□ 



4.2. Local existence of the unique solution of (1.5). We now give an 
existence result of the unique solution of (1.5). With slight generalization 
of the nonlinearity, let us consider the following system of Hartree type: 

' a'{Q,x)=Al{x)- 



(4.3) 



z-Aa'^ 
2 



dt 



+ i|V</)-|2 + A(|z| 



0, 0^(O,x) = $o(^)- 



The system (1.5) corresponds to (4.3) with 7 = n — 2. 

Assumption 4.5. Let n ^ 3 and max(n/2 — 2, 0) < 7 ^ n — 2. Let A G M. 
We suppose the following conditions with some s > n/2 + 1: 

• The initial amplitude Aq G H^'^^(W^) uniformly in e e (0, 1]. 

• The initial phase $0 e C^(M") satisfies V$o e 1^*+2(M") /or some p G 

(2*, 00] anc? q G (2, n) wii/i p ^ q. 

Theorem 4.6. Lei Assumption 4-5 he satisfied. Then, there exists T > 
independent ofe and s such that, for alle G (0, 1], (4.3) has a unique solution 

(a^0^) G C7([0,r];i/^+i(M") x C^(M")) 

with V^i^ G C{[0,T];Y^+'^). Moreover, = a^e'^'/^ solves (1.2) and the 
solution (a^V0^) is bounded m L°°([0, T]; i7^+i(M") x y/+2(M")) uniformly 
in e E (0, 1] and the following properties hold: 
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,0 t^°ia-(|.^+)(Mn)nL<= 



• If n ^ h and if p in Assumption 4-5 satisfies 2* < p < n, then 
$0,0^ e L°°(M"). 

Remark 4.7. 2* = 2n/(n — 2) < n if and only if n ^ 5. 

Denoting := V^^, we obtain the following system: 

, , -a^V • = i-i 

(4.4) <^ 2 2 

[ Sti;'^ + i;" • Vv' + AV (Ixr^ * \a'\'^) = 0, i;f^^o = V^o- 

We first solve this system. Then, as we seen below, we can reconstruct 
(p^ from v^. The proof goes along the classical energy argument. Then, the 
main part of the proof is to establish an a priori estimate. We hence perform 
precisely only this part. As a first step, we show the following proposition. 

Proposition 4.8. Let Assumption 4-5 be satisfied. If{a^,v^) is a solution 
of (4.4) in C([0,r];i?^+i x Y^+'^), then its "partial energy" Ep^y.t{t) := 

1 1 2 II 9 1 1 2 

||a^||^s+i + 11^ '^^11 if s satisfies 

d 3 

^£^part(*) ^ C'-E'part (i) ^ • 

Proof. We first estimate the H^^^ norm of . We use the following conven- 
tion for the scalar product in L^: 

{ip,ip) := / ip{x)ip{x)dx. 
The notation A = (1 - A)^/^ is also used. Then, 

4 ||a^||L+i = 2Re(dtA'+^a',A'+^a') . 
at ^ ' 

Let us bound the right hand side with the relation 

dtK'+^a^ + K'+^{v^ ■ Va^) + ^A*+i(a^V • v^) - i^AA^+^a^ = 0. 

This part is standard (for details, see [2, 7]). The point is that we cannot 
not use II V?;^||^2 as a bound. This is done by the use of Lemma 4.2 and (4.1) 
with suitable k. For example, Lemma 4.2 with k = 2 shows the estimate 

|Re([A^+^^;^]•Va^A^+la^)| 

< C(||Vi;"||ioo llVa^ll^. + II VV||^,_i ||Va^||^oo) ||a^||ij»+i , 
in which ||Vf^||^2 does not appear. As a result, we obtain 

^ llo'^lll^.+i ^ C(||a^||^^i,oc + ||Vt;"||ioo)(||a'^||jf.+i + || VV||^J ||a=||^,+i . 

Recall that G ^p^"^ that Vf^ ^ as |x| ^ 00 by the definition of 

Y . Hence, by the Sobolev embedding, ||Vf^||^oo ^ C || V^f^||^s. We end up 
with 

(4.5) j^U\\H.+^<.CEp^t{t)^. 
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Let us proceed to the estimate of v^. We denote the operator A*'V^ by 
Q. We deduce from the equation for that 

(4.6) dtQv' + Q{v' ■ Vv') + QV(|xr^ * |a^p) = 0. 

We consider the couphng of this equation and Qv^. The couphng with the 
second term of the left hand side of (4.6) can be written as 

{Q{v' ■ Vv'),Qv') = {v' ■ VQv^Qv') + {[A'V,v'] ■ V\',Qv') 

As the previous case, integration by parts shows 

(4.7) \Re{v' ■VQv',Qv')\^^\\Vv'\\^^ ||VV||^,, 
and the commutator estimate with A; = 1 also shows 

(4.8) \Re{[A'V,v']-V^v',Qv')\ 

< ^^(liv^^ll^oo II vV||^. + II vV||^,_, II vV||^^) II vV||^, . 

We also have 

(4.9) I Re {A'ViVv' ■ Vv'), Qv') \ ^ C \\Vv'\\j^^ W^^^'Wh- 

by (4.2). For the estimate of the Hartree nonlinearity, we use Lemma 4.4 
with A; = 2 to obtain 

\\XVH\xr * |al')L. ^ C \\V\\xr * |al')L.+i 

(4.10) ^ C{\\a'\\^^ \\a'\\Hs+i + lla^H^a) 

as long as 7 G (n/2 — 2.n — 2]. Sum up (4.6)-(4.10) to conclude that 

(4.11) ^||VV||5,. ^Ci?part(t)^ 

which completes the proof. □ 

We now prove Theorem 4.6. 

Proof of Theorem 4-6. We first obtain the solution (a^,v^) of (4.4) by the 
energy method and then integrate to construct (f)^. 

Step 1. We shall show the existence of the solution (a^, v^) G C([0, T] ; x 
Yp*^^) of (4.4) for small T > 0. Let us derive an a priori estimate of the 

energy 

(4.12) Eit):=\\a^it)\\%.^, + \\v^{t)fy^,^^. 

By Proposition 4.8 and Gronwall's lemma, there exists T such that 

(4.13) sup £part(i) ^ 2£;part(0). 

te[o,T] 

Next we estimate and Vv^. By the second equation of (4.4), we obtain 

v%t) = V$o - / {{v^ ■ V)v^ + AV(|x|-^ * |a^|2)) ds. 
Jo 

Therefore, we deduce by the Holder inequality that 

II'"'^IIlo°([0,T];Lp) ^ II^^oIIlp + lk^llL°°{[0,r];LP) ll^'"'^llL°o([0,r]xIR") 
^'■''^ +T^l^l||V(|-|-^*|a1^)|Looao,Tl;L.) 
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and 

(4.15)^ 

+ T roorm Ti.rpi II V^U^II pi 
" J,-t-Pj II "L°°([0,T];LP-i) 

'{[0,T];L1) ■ 



+ r|A|||v2(|x|-^*|«1^) 



Notice that H'' ^ L'^ n L"^ ^ Lp-i since pq/ip — q) G (2, oo] holds by 
assumption p ^ q > 2. Moreover, we infer from Lemma 4.4 that 

|V|^+"(i-^)(|xr^*|al') 



\Vi\xn*\a'\')\\^,<C 
\V^{\x\-^ * |a^P)||i, ^ C |V|^+"(5-i)(|a;|-7 ^ |o^|2 



^ C II II fTs+i 



- ■■^^^+^' 

^2 ^ ||a^||^s+i , 



provided n/p— 1 < 7 ^ n — 2 and n/q — 2<^^n — 2, respectively. By the 
assumptions p > 2* and q > 2, max(n/p — 1, n/g — 2) < n/2 — 2. Letting T 
so small that r(2£^part(0)) < 1/3 if necessary, one sees from (4.13) that 
(4.16) 



L°°{[0,T];Lp) + II^'"^IIl<^([0,T];L9) ^ ^ ||V$o|Ilf+3 ||V $o||i9+C(^part(0)). 

Phigging (4.16) to (4.13), we obtain the desired energy estimate: There exist 
T and C such that supj^jQ ^] E{t) ^ C{E{0)). Thus, we see from a standard 
argument that a solution {a'^,v^) of (4.4) exists in C{[0,T]; H''+'^ x Yp^"^). 

Step 2. We next investigate the decay property of and show the 
uniqueness of the solution of (4.4). Since g < n by assumption, G 
yp;+2(R") ^ LP(R") n L°°(M"). By the Holder inequality and the Hardy- 
Littlcwood-Sobolev inequality, we have 
(4.17) 

v'-V^o = - [ {{v' ■ V)v' + AV(|a;r^ * |a"|2)) ds G L'"^"(i^'^+) nL°°. 
Jo 

Notice that pq/{p + q) < p for all p > 2* and that n/(7+ 1) < min(2*, n) < p 
since 7 > max(n/2 — 2, 0). Therefore, — V^'o decreases at spatial infinity 
faster than and V$o themselves. 

Let us proceed to the uniqueness of (4.4). Let (af jUf) and (ali^-'i) '^^ 
solutions of (4.4) in C{[0,T]; H'+^ x Yp'+^) with (af,f|)(0) = (Ag,V$o)- 
Put = — a| and = vf — We remark that (ia(0) = and 
dl{0) = 0. Moreover, we see from the above estimate (4.17) that d^ = 
(vf — V$o) — {vl — V$o) and so — as \x\ — oo. Now, we estimate 

E,{t) := ||C(i)lli^ + l|Vd^(t)||i2. 

It is important to note that Vvf and Vt;! do not necessarily belong to 
by definition of Yp g. Nevertheless, their difference d'^ may do so because it 
is identically zero and so belongs to at the initial time. By an energy 
estimate, we have 

(4.18) j^Edit) ^ C(||a|||^.+i, \\vt\\ys+2)Ea{t). 

Hence, we conclude from Gronwall's lemma that 

Edit) ^ C7(||af ll^.+i, \\vl\\Y^.+2)Ed{0) = 
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as long as the solutions {af,vf) exist. This implies that = and Vd^ = 0. 
In particular, there exists a function d = d{t) of time such that dl{t,x) = 
d{t). Recall that dl{t, x) ^ as \x\ — oo. As a result, d{t) = follows and 
we hence obtain {af,vl) = (ali^'i)- 

Step 3. We finally construct (p^ such that = v^. Define (p^ by 

<f>%t) = ^0 - £ (^l^^(^)l' + H\^r * ds. 

Then, one easily verifies that (a^,V(/)^) solves (4.4) and that G ^p^"^- 
Since we have already known the uniqueness of the solution to (4.4), = 
v^. Thus, (a^, (f)^) is a unique solution to (4.3). Though 0^ and <l>o themselves 
do not necessarily belong to any Lebesgue space, it follows from the Holder 
inequality and the Hardy-Littlewood-Sobolev inequality that 

0^(i) _ $0 = _ jT* Qli^'P + A(|xr^ * \a'\^)j ds G n L°°. 

Moreover, it is bounded uniformly in e G [0, 1]. 

If n ^ 5 and 2* < p < n then, applying Lemma 4.1, we see that there ex- 
ists a constant cq G M such that ||<I>o — co||^p* ^ C|| V<I>o||lp- Moreover, since 
$0 — Co decays at the spatial inifinity, it follows by the Sobolev inequality 
that ||$o - coll^oo ^ C ||V^<I>o||^s, which shows $o G L°° and so 4>'^ G L°°. 
Remark that p/2 < {p <)p* and that n/7 < n/{n/2 - 2) = 2** < p* since 
n ^ 5 and p > 2*. Therefore, the difference — $0 decays faster than 0^ 
and $0- n 

Remark 4.9. In [2, 7], the key for existence result is to solve the system for 
{a^,Vv^) in x first. Here, we first solve the system for (a'^,V^f^) 
in H'^^^ X H'^. This is the difference. The point is that even if Vf*^ L^, 
we obtain the energy estimate by the Sobolev embedding: If n ^ 3 and 
Vu^ — as |a;| — 00 then || Vw^||j;,<x) ^ C ||V^i;^||j:^5. We also note that it 
would be difficult to solve the system for (a^, V'^t;^) in H^^'^ x H'^ if n = 3, 4 
because S/^v^ G H'^ do not yield this kind of bound on S/v^, in general. 

5. Proof of Theorem 1.10 

We prove the following theorem. 

Theorem 5.1. Let Assumption 1.8 he satisfied. Let (a^,(/)^) he the solution 
to (1.5) given in Theorem 4-6- If (1-6) has a global solution (ao,</>o) which 
satisfies r](T; s,p, q) < 00 for all T < 00, then there exist 

(a„0,) G Ci[0,^y,H^-^^+' X Y,iJ'+') 

(1 ^ j ^ N) and constant Cg depending only on n and s such that, for any 
T > 0, (a^, c/)'^) exists until t = T and it holds that 

N 

a' = ao + J^e^a^- + 0(£^+^) in L'^{[0,T], H'-^^+\W)), 

N 

4>^ = cP, + J2 e'<Pj + 0{s''+') in L-([0, T],Y,i-i^+'(R^)) 
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Remark 5.2. We note that 0^ itself does not necessarily belong to the space 
Y2^^{W^) as shown in Theorem 4.6. 

Remark 5.3. We will see from the following proof that (j ^ 1) belongs 
to C([0, oo); y^^^-'"''^ ) and the above expansion of (p^ is valid in 

C([0,oo);KV2iV+3 1. Remark that if n ^ 5 then r 

Theorem 1.10 immediately follows from this theorem. Notice that the 
main amplitude [3q is not a,o but aoe*'^^. There is an interaction between the 
amplitude part and the phase part because of the presence of nonlinearity. 
This fact also leads us to some ill-posedness results for the "usual", that 
is, non-scaled nonlinear Schrodinger equations ([3, 7, 25]). Similarly, the 
function (3j is defined by {ai,4>i) (i = 0. 1, ■ ■ • , j + 1). We will see that 
{aj,4>j) (j ^ 1) solves the "j-th linearized system" of (1.5): 



(5.1) 



h+i2=j il+i2=j 

9t(t>j+ Yl ^V</>i • V<^j + A (kl"^""'^ *Re(aiiai7)) =0. 



2 

ii+i2=j ii+i2=j 



[aj{0) = Aj, </.i(0) = 0. 

We separate the proof of Theorem 5.1 into three steps, 

zeroth order: estimate on — cq and 4>^ — (po, 
first order: estimate on — gq — eai and (f)^ — (po — scpi, 
higher order: estimate on — Ylj=o^'^(^k and (p^ — Yl^j=Q^^^k for 
A; ^ 2. 

However, we only prove the third step because, in order to exclude the 
dependency of Cg on the expansion level A^, the main step is the third part. 
This constant Cg is chosen later (in the proof of Proposition 5.8, below). 



5.1. Proof the theorem — part 1: the zeroth order. We first state the 
estimate on the differences — oq and (ff — (pQ. 

Proposition 5.4. Let Assumption 1.8 he satisfied. Let {a^,(j)^) he the solu- 
tion to (1.5) given hy Theorem 4-6 and (oq, (po) he the glohal solution to (1.6) 
with r]{T) < oo for all T < oo. Then, there exists a constant Cg depending 
on n and s, and V\ depending on Aq such that, for any large T, 

(5.2) \\a' - ao||ioo([o,T],i?«+i) + \W<t>" " ^M\L'^{[o,T],m+^) ^ eTie^^"^^^^^ 

holds for all e ^ £o{T) ^ r]{T)Ce~'-^'''^^'^^'^ . In particular, the existence time 
T of {aF,(j)^) can he chosen so that e ^ ri{T)e^^''''^^^^^ . 



The proof proceeds as in [20]. 
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5.2. Proof of the theorem — part 2: the first order. We next claim 
the following two points: First is that (ai,^i) is defined globally in time as 
a limit £ — of (05,^5) (Proposition 5.5). Second is that the asymptotics 

= ao + eai + 0{£'^), = vo + £Vi + 0{£'^) 

holds for large time (Proposition 5.6). 

Proposition 5.5. Let Assumption 1.8 he satisfied. Suppose that (1.6) has a 

global solution (ao, 0o) which satisfies r]{T) < 00 for all T < 00. Then, there 
exists (ai,0i) G C([0, 00), x Y^,-^^) which solves (5.1). Let Ei{t) := 
\\cii(t)\\jjs+i + \\V(j)i(t)\\fjs+2. Then, for any T > 0, we have the following 
bound 

(5.3) sup Ei{t) ^ Pie^'''^^)^ =: rji{T), 

te[o,T] 

where Ti, Cg, and rj are the same as in Proposition 5.4- 

Proposition 5.6. Let Assumption 1.8 be satisfied. Let {a'^,4>^) be the solu- 
tion to (1.5) given by Theorem 4-6- Suppose that (1.6) has a global solution 
{a(),(po) which satisfies ri{T) < 00 for all T < 00. Let (ai,0i) be the limit 
defined in Proposition 5.5. Let Cg be the same one as in Proposition 5.4- 
Then, there exists a constant r2 depending on A^ such that 

lla'^ - ao - eai||^oc([o,r],_f/''-i) + ~ "^^o - £<?i>i)|lL°°([o,r],ii') 

(^•^^ ^ £2r2^(r)-ie3a^(r)rgea^i(T)r 

holds for alio < e ^ £i{T) ^ C e"^'-^^'^^'^^'^ . Ln particular, the existence time 
T of (a^, ^^) can be chosen so that e ~ e~^^^^*^^)^. 

They are shown as in Propositions 5.7 and 5.8, below, respectively. 

5.3. Proof of the theorem — part 3: higher order. We now consider 

the higher order expansion. Assume that the constant N in Assumption 1.8 
is bigger than one. It is because if A'^ = 1 then the proof of Theorem 5.1 is 
already finished with Proposition 5.6. The proof is based on the induction 
argument. We make following notation and definitions: Our goal is to show 
that the asymptotics 

m 

= ao + + 0(£"*+^) in L°°{[0,T], H'-^"'+\W)), 



(5.5) 



= (I,Q + Y^ si (Pj + O (e™+i ) in ( [0, T] , ¥^^^1"-'+^ (M") ) 

ioT m = N. We define the following function: 

(5.6) r,,{T) := -Jl^e(^-^)^-(^)^ 

with r]{T) is an increasing function defined in (1.13), Ti and r2 are as in 
Propositions 5.4 and 5.6, respectively, and Tj {j ^ 3) is a constant depending 
only on Aq to be chosen later. Note that if T S> 1 then 

VmiT) » Vm-liT) » ■ ■ ■ » r/i(r) » rjiT) > 0. 

The following two propositions complete the proof of Theorem 5.1. 
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Proposition 5.7. Let Assumption 1.8 he satisfied for some N 2. Suppose 
that (1.6) has a global solution {aQ,(j)Q) which satisfies rj{T; s,p,q) < oo for 
all T < oo. Fix ko G [1,N — 1]. Assume that 



(1 ^ j ^ ko) exist and all of them solve (5.1). We further assume that there 
exists a positive constant T^q+i such that 



lim sup 
^-^Ote[o,T] 



E 



^0 pi„ . 



rfco+1 



+ 



v(</'^-E-ioe^\ 



Tko+l 



fjs-2ko+2y 



is bounded by r]ko+i{T) defined in (5.6) for any fixed T > 0. Then, there 
exists (ako+iAko+i) e C([0, oo); iJ^-^feo+i x Y^,-^'^+^) which solves (5.1) 
and satisfies 

sup (||afe(,+l||^.-2fco + l + ||V(?!)jfco + l||^s-2fco+2) ^Vko + i{T). 

te[o,T] 

Proposition 5.8. Let Assumption 1.8 he satisfied for some N ^ 2. Suppose 
that (1.6) has a global solution (ao,0o) which satisfies r](T; s,p, q) < oo for 
all T < oo. Fix ko G [l,iV — 1]. Assume that, for all 1 ^ j ^ A;o + 1, the 



solution {aj,(t)j) G C([0, oo); iJ^-^j+s ^ 



s-2j+5x 
2*, 2 ) 



of (5.1) exists and satisfies 



t€[0,T] 

Then, for any fixed T > 0, 



sup (||aj||^s-2j+3 



sup 
te[o,T] 



rfco+2 



+ 



fJs-2ko-l 



V( 



rfco+2 



ffs-2ko, 



is bounded uniformly in e E (0, £^(,+2]. In particular, the asymptotics (5.5) 
holds with m = ko + I for e G (0, £^0+2 can be chosen so that 

£ko+2 ^ Cri(T)e~^^''^^'^^'^ . Moreover, there exists a positive constant TkQ+2 
depending only on Aq such that 77^0+2 (T) defined in (5.6) bounds 



lim sup 



E 



fco + l 

j=0 



£■' Oj 



rfco+2 



+ 



JJs-2ko-l 



v(</'^-ES'£V. 



rfeo+2 



JJs-2kQ, 



for any fixed large T > 0. 

Proposition 5.6 implies that the assumption of Proposition 5.7 is satisfied 
for ko = 1. Then, we sec by induction that Proposition 5.8 holds for ko = 
N — 1. Then, this gives (5.5) with m = N. Before the proof, we introduce 
some more notation. We write 



v<^^-Er=o^'v^i 



m 
rm+1 
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An elementary computation shows that {bf^,w^) satisfies 

(5.7) dtbt^ + • + ^6^V • 

/ 1 1 \ 



m—l 



^=0 ij^m,i+j=m+l+^ 



(5.8) dtw'^ + £-+1 (< • V< + AV(|xr("-2) * |6^p)) 

+ ^£^(« • Vi;^ + vi ■ VO + AV(|x|-("-2) * Re(a,6^)) 



^=0 

m — 1 



+ X X (^^ ■ '^^J' + AV(|xr("-2) * Re(aiaj))) = 0, 



e=0 i,j^m,i+j=m+l+e 



and 
(5.9) 



^^(0)= Yl ^'A,+m+i+e''-"'4^„ 

j=0 



<(0) = 



as long as {ao,vo) := (ao,V(?!)o) and {aj,Vj) := {aj,V(t)j) {1 ^ j ^ m) 
solve (1.6) and (5.1), respectively, where r|^;^ is £~^~^^{Aq — 5^j=o^"'^j)- 
Assumption 1.8 is satisfied then r|_(_^ is bounded in H^^^ as £ — 0. 

Proof of Proposition 5.7. By assumption, (^|q, tf|g) is uniformly bounded in 
L°°([0,r),i?^-2fco+i X ii-5-2feo+2^ ^i^g lijj^i^ £ ^ 0. Therefore, extracting 
a subsequence, there exists a weak Hmit, denoted by (ofco+i) ^fco+i)' 
same class. Moreover, we obtain the bound 

sup (||afeg+i||^s-2fco+i + ll'Wfco+illifs-afco+O ^Vko+i{T). 

tG[0,T] 

by the lower semi-continuity of the weak limit. Since (^1^; w^|q) solves (5.7)- 
(5.9), we see that (a^g+i, Vfeg+i) solves 

n+i2=i «i+«2=j 
dtVj + V ^^i-^j + AV J] (|x|-("-2) *Re(aiia^)) = 0, 



(5.10) < 



ii+i2=j 

[ a,(0) = Aj, VjiO) = 0. 



ii+i2=j 



for J = fco + 1- By the way, once we know {aj,Vj) (j = [0, ko]), we can solve 
this system directly by a standard argument and obtain unique solution 
(ofco+i, Vfeo+i) in the same space. Therefore, the above weak limit is the 
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unique solution to (5.10). We now define (pko+i by 



^ \ii+i2=j h+i2=j J 

Then, V(l)ko+i = t'feo+i holds by the uniqueness of (5.10). Hence, V(f)ko+i 
is the unique solution to (5.1) for j = ko + 1. Since vq e LP and vj G 

{] > 1), 



T is arbitrary, and so we obtain the proposition. 



□ 



Proof of Proposition 5.8. By assumption, we can define (^'l^+i, ^feg+i) solv- 
ing (5.7)-(5.9). We will bound 

Recall that the quadratic part of (5.7)-(5.8) is the same of (1.5) up to a 

constant, and that the linear part of (5.7)-(5.8) is essentially the same form. 
Hence, mimicking the estimates in the proof of Theorem 4.6, we deduce that, 
for any fixed T > 0, 

(5.11) j^Ek,+i{t) ^ Cs{e^'+^Ek,^i{tf + /i|„+i^fc„+i(0 + Ck,+ivl+^) 
holds for all t G [0,T]. Here, we have used two functions: First is 



fco + l 



:o+i = A,+i{T) := viT) + E ^'Vj{T) 



which bounds the linear part 



sup 
te[o,T] 

and second is 



fco+l 



fjs-2ko+l 



+ IPoII vS-2fco+2 + 



£=0 i=e+i 

which is an upper bound of the constant terms 
sup I - ||AafeJ|^._2fco-i +C^e^ ^ 

(||^«|liJo-2fco+2 ||l^j||^s-2fco+2 + ||aj||^s-2feo+l || || ^s-2fco+l ) ^ 

up to an adjusting constant c^q+i. The constant Cs comes from (5.11). This 
constant is independent of because it has been already taken into account 
when we use ^x%^^^ and ul^^^. 



te 
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We now show that supjg[o,T] -^fco+i(*) is uniformly bounded for small e. 
We keep fixing T > 0. By Assumption (1.8), we see that there exists a 
positive constant (ik^+i depending only on Aq such that £'feg+i(0) ^ Pko+i 
holds for £ G (0, 1]. Set a function 

and two constants 



6ko+i := (1 + Vl + Ao+i) ^ 

■ 2c,„+iz.|^^,(r)(l - e-^^^k^^^^^^) ■ 
Then, multiplying the both sides of (5.11) by ^iZfc ' ^® obtain 

(l + 0.,.+l^fco+l(t))^^ ^ '=°+^^.o+l+^^^'=oH-l-.o+l^ '=""^^^0+1, 

where we denote /Lt|p_,_i^(r) and l'f.^_^_l{T) by A*|q_,_i and respectively, 
for short. Integration over [0, t] gives 

(5-12) . , . \ 



1 + ^feo+iZfc„+i(t) 1 + ek,+iEk,+iio) 

Let us show that the right hand side of (5.12) is bounded by Sko+i/2 from 
below. For simplicity, in the following, we omit the index ko + 1 and de- 
note /3fc(, 

respectively. We also omit T variable in r]{T) and rjjiT). By the fact that 
?7j+i S> 77j for each j and large T and by definitions of ji^ and v^, cv^ ^ 
holds for all e G [0, 1] if T is large. Then, replacing T with larger one if 
necessary, we obtain 

1 1 e'^"'*"^ - 1 

(5.13) ^ ^'^T—^-^ 



1 + ^^feo+i(0) "1 + ^/3 eC^M^^(l + ) - 1 

eC./^^T(2 _ 2<5 - ,52/3) -2 + 2(5 2 - 2(5 - (5^/3 _ (5 
^ eC.M=T(2 + <5/3) - 2 2(2 + 5/3) ~ 2' 

where we have used the relation 1 — 2(5 — (52/3 = 0. Moreover, Q is the 
minimizer of the quantity 

and so this quantity becomes less than or equal to zero if 
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We now replace this condition with stronger but clearer one. We first let £ 
be so small that 

(5.15) £ ^ mm — = mm —r-r- ■ 

jG[i,feo+i] \r]jj je[i,fco+i] r]/-^e(2-Vj)a'?(T)T 

For such e, we have /z^ ^ (A;o + 2)ry and, by definition of rjj (5.6), 
fco feo+i 
= %o+i + m X] 

£=0 i=i+l 

_ g(2fco+2)a?7T _ g(2fco+3)a7?T _ ^{2ko+3)Csr]T 

^ %o+i + Ti — + Ts — ^ r4 , 

where Fj is a constant depending on ko and Tj (1 ^ j ^ /cq + 1). Therefore, 
the right hand side of (5.14) is bounded below by 

52(/i^)2e*^«^"^ ( 



7^2 \ feo+2 



(^^-feoe(2fco+3)Csr;r)g(feo+2)Csr;T 
.p > p ^ pfco+2 



where F5 depends on F4, /?, and c. Then, the condition e ^ £ko+2 ensures 
(5.14) and so 

^,,£ pfco+2 

(5.16) - - e"''^'^''^)^ - -^(^^'^''^ - 1)^"' ^ 0- 

Note that £^0+2 is smaller than the right hand side of (5.15) and so that 
£ ^ efco+2 is stronger than (5.15). 

Furthermore, plugging (5.13) and (5.16) to (5.12), we obtain 

(5.17) sup E,,^,it) ^ S^lTpe-'e^^^'^ ^ 6cVT+Pu^^c.,^^ ^ 

telOT] f^fJ-" 

which is the desired bound. Indeed, the right hand side is bounded by 

6cy/l+ pf4 ^C„(3kn+5)r,T 

as long as £ ^ ^ko+2- We finally confirm that the right hand side of (5.17) 
tends to r]ko+2{T) defined by (5.6) with a suitable constant. It holds that 

lim = lim /i|^_^i(r) = r?(T), 

ij™ j.e _ 1- f JT) - nu . . -\- n ni. ■ < _^o+2_ {2feo+2)C.r,(T)T 
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where Tko+2 depends on ko and Tj (1 ^ j ^ ko + 1). Therefore, we end up 
with the estimate 



hmsup sup Eko+i{t) ^ 
£^0 te[Q,T] 



SriiT) 



which completes the proof. 



_. (2ko+3]CsV(T)T _ 



Vko+2iT), 



□ 



Appendix A. Global existence of solution to the 

EULER-POISSON equations 
In this section we give the proof of Theorem 2.1. Let us consider 

' p, + r-(^-^^drir''-^pv) = 0, p(0,r) = po{r); 

(A.l) ^ vt + vdrV + XdrVp = 0, v{0,r) = vo{r); 

^ _ r-("-i)9^(r"- Vp) = p,VpeL'^, Fp ^ as r ^ oo 

Here, n ^ 1 denotes space dimensions, r ^ denotes the distance from the 
origin, and A is a given physical constant. Unknowns are the mass density 
p = p{t, r) ^ and the velocity field v = v{t,r) eM.. If n = 1 or 2, we change 
the condition for Poisson equation of (A.l) into Vp{t,0) = 0, drVp G L°°, 
and drVp as r ^ oo. In other words, we let Vp be as 



(A.2) 



Vp{t,r) 



f s-^""-^^ r p{t,a)a"-'^dads ifn = l,2, 
Jo Jo 



-(n-1) 



p{t,a)a"' ^dads if n ^ 3. 



This is well-defined because we restrict our attention to p belonging to 
C([0, oo))n-L^((0, oo), r"^^(ir). One can verify that the condition I^(t, r) 
as r — > oo is not suitable for n = 1 or 2. Remark that (A.l) is a radial 
version of the compressible Euler-Poisson equations 



(A.3) 



' dtp + dw{pv) = 0, p(0, x) = po{x), 

dtv + {v ■ V)v + XWp = 0, v{0, x) = vo, 
- AVp = p, Vp G L°°(M"), Vp ^ as \x\ oo. 



A.l. Reduction to an ODE for characteristic curves. We follow the 
argument in [12, 21]. Define characteristic curve X as a function M+ — M+ 
with parameter R G R+ which is defined by an ODE 

^X(t,R) = v(t,X(t,R)), X(0,R)=R. 
dt 

Let m(t,r) := p{t, s)s"'~^ds. In the followings, we denote dtX as X' by 
the respect that is a parameter. Then, (A.l) is reduced to the following 
ODE for characteristic curve 



(A.4) X"{t,R) = - 



XmojR) 

x{t, Ry- 



X'{0,R) = vo{R), X{0,R)=R, 
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where mo(r) := Jq Po{s)s"' ^ds. This reduction is the same spirit as the use 
of the Lagrangian coordinate (see [23, 24]). Put 

B{t,R) := exp (^J^ dru{T, X{t, R))dT^ . 

It holds that B{t, R) = duXit, R). The solution to (A.l) is given explicitly 
in terms of X and B as 

(A.5) p{t,X{t,R)) = ^ZiB{t%y ^(*'^(*'^)) = 
As in [21], we introduce the quantity 

C(r) ■.= vl{r) + 



2Xmo{r) 



(n - 2)r"-2 

for n ^ 3. It can be said that this describes the balance between the initial 
velocity and the strength of the force governed by the Poisson equation. 
This clarifies the description of the conditions for global existence. The 
large time behavior of X is also distinguished by C (Remark A. 3). For the 
proof of Theorem 2.1, we use two propositions (Propositions A.l and A.2, 
below). We first prove Proposition A.l and then prove the theorem. 

A.2. The necessary and sufficient condition for the attractive case. 

We first consider the case A < 0. We use the function space D'^ defined in 
(2.3). The following result is announced but not proven in [21]. 

Proposition A.l (Critical thresholds for A < case). Suppose A < 0, 
n ^ 1, po £ D^, CLnd vq G D^^^ with wo(0) = for an integer k ^ 0. 

(1) If n = 1 or 2 then the solution to (A.l) is global if and only if 
Poif) = 0, VQ{r) ^ 0, and VQ{r) ^ hold for all r ^ 0. In particular, 
if Po ^ then the solution breaks down in finite time. 

(2) Ifn^2> then the solution is global if and only ifvo{r) ^ 0, C(r) ^ 0, 
and C'{r) ^ hold for allr^O. 

If po and vq satisfy the condition for global existence, then the corresponding 
solution of (A.l) satisfies 

p e C\[0, oo), D™) n C~((0, do), £>"*), 

V e C^([0,oo),L>"*+i)nC°°((0,oo),£>"*+^). 

The solution is unique in C'^{[0,oo), D^) x C^([0, oo), D-*-) and also solves 
(A.3) in the distribution sense. 

Proof. Let us recall some facts from [21]. Under the assumptions of Propo- 
sition A.l, we deduce from Proposition 2.4 in [21] that (A.l) has a unique 
solution 

p G C^{[0, T), D^) n C°°((0, T), i?^), 

G ( [0, T) , L>^+^ ) n ( (0, T) , ) , 

provided there exists T such that, for t G [0, T], X(t,R) > 0, R > and 
B{t,R) > 0, R^ 0. Moreover, if B{tc,Rc) = holds for some {tc,Rc) then 
the solution breaks down at t = tc (see. Corollary 5.2 in [12] or Proposition 
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2.3 in [21]). Furthermore, if X{to,RQ) = for some {to,Ro) then such 
{tc,Rc) exists and tc ^ to, Rc ^ Rq (see, Lemma 2.9 in [21]). 

Step 1. Wc begin with the one-dimensional case. If po is not identically 
zero, then we can choose Rq so that rnp (-Ro) > 0. Twice integration of (A. 4) 
yields X{t,Ro) = Rq + vo{Ro)t - {\X\mo{Ro)/2)t^ . Therefore, we can find 
to such that X{to,Ro) = 0, which leads to the finite-time breakdown of the 
solution. On the other hand, if = then X(t,R) = R + VQ(R)t and 
B{t,R) = 1 -|- v'Q(R)t. Hence, the solution is global if and only if vo(R) ^ 
and v'q{R) ^ holds for all R^O. 

Step 2. We next treat the two-dimensional case. If there exists Rq such 
that mo(-Ro) > 0. Multiplying (A.4) by X' , we obtain 

^ {X'{t, Ro)f = vo{R^f - 2|A|mo(i?o) log 



i?0 



which yields an upper bound of X: 



X{t, Ro) ^ Ro exp (-^^^^^) =: X^b- 
V2|A|mo(-Ro)/ 

Plugging this to (A.4) , we see that 

x'Ui?o)^-^^^<o. 

Aub 

Therefore, there exists to such that X{to,R()) = 0. In the case where p = 
0, by the same argument as in the one-dimensional case, we see that the 
solution is global if and only if vo{R) ^ and Vq{R) ^ hold for all R^ 0. 
Step 3. Let us proceed to n ^ 3 case. For simplicity, we use 

Notice that C is written as C(r) = vo{r)'^ — A(r) / r'"'^'^ . We first note that 
t^o ^ is necessary for global existence. Indeed, if vo{Ro) < for some 
Ro > 0, then X"{t, Ro) ^ follows from (A.4) and so X'{t, R) ^ X'{0, R) = 
vo{R) < 0. Hence, there exists to such that X{to,Ro) = 0. We next show 
that C ^ is also necessary for global existence. Assume that there exists 
Ro such that C{Ro) < 0. In this case, A{Ro) > by definition of C. Then, 
multiplying (A.4) by X', we obtain 



(}^{X'{t,Ro))'' = C{Ro) 
This yields an upper bound of X: 

X{t,Ro) ^ 



AiRo) 



X{t,Ro) 



1 

t-2 



( \CiRo)\ 
V ^(^o) 

Then, the same argument as in the two-dimensional case shows the existence 
of to such that X{to,Ro) = 0. Therefore, C ^ is necessary for global 
existence. 

In the following, we suppose vo ^ and C ^ are satisfied. Under this 
restriction, let us show that the solution is global if and only if C'{R) ^ 
holds for all i? ^ 0. What to show is that 

(A.6) C'{R) ^ <s=^ B{t, R) > 0, Vt ^ 0. 
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We first consider the case vo(R) > 0. Then, C(R) > or A(R) > hold. 
Moreover, X{t,R) — oo as t — oo since X"{t,R) ^ and so X'{t,R) ^ 
X'(0, i?) = vq{R) > 0. In this case, by multiphcation of (A.4) with X', 



X\t,R) = Jc{R) + j^^^>0, 



and so 



r 

JR 



Ir VC{R) + A(R)y-i-^-^) 
Differentiate with respect to R to obtain 



= t. 



B{t,R) 1 1 /•^(t.-R) C'{R) + A'{R)y-(''-^') 

X'it,R) ~ ~ 2 A {C{R)+A{R)y-(^-^)f^^ 



dy = 0. 



We put 



m m = ^(^'-^) = -J— + i r^'''^ c'iR) + A'iR)y-(--') 

^ ' ^ • X'it, R) vo{R) ^ 2 Jn (^c{R) + AiR)y-in-^)f' ^' 
Two quantity B and B have the same sign. Notice that 

A'{R) = ^-po{R)R^-^ ^ 

and that the denominator in the last integral is always positive. Therefore, 

if C'{R) ^ then the above integral is nonncgativc, and so B{t,R) stays 
positive for all t ^ 0. On the other hand, if C'{R) < then the integral in 
B{t,R) tends to — oo as t ^ oo. This is because, choosing Xq so large that 
+ y4'(i?)Xo"("~^) < -\C'iR)\/2, we have 



x{t,R) C'{R)+A'{R)y-^^~^) ^ /•^(*'«) |C"(i?)|y3(«-2)/2 



r^yt,n, C'{R)+A'{R)y-(''~'> ^ f 



Ixo {CiR) + AiR)y-(--^)f^ Jxo 2A{Rf/^ 

if A{R) > and 

x{t,R) c"(i?) + ^ /•^(*'«) \C'iR)\ 



dy 



l-^(t,n) c'{R)+A'{R)y-(''-') _ r 

Jxo {CiR)+A{R)y~(r^-^)f' ^ ^ Jxo 2C{R)y^ 



dy 



if C{R) > 0. The right hand sides of both inequalities tend to — oo as t — ^ oo. 
Therefore, we can choose tc such that B{tc, R) = 0. 

We finally discuss the case where vo{R) = 0. In this case, since C{R) > 0, 
we have C{R) = and so A{R) = (mo(i?) = 0) by the definition of 
C. It implies that p{r) = for all r ^ i? and so that, for all r ^ R, 
X'{t,r) = and X{t,r) = r. Hence, by continuity of B, one verifies that 
B{t, R) = Ymir^R dnXit, r) = 1 > for all t ^ 0. Note that C'{R) = since 
p{R) = 0. Thus, (A.6) is justified. □ 
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A. 3. The necessary condition for the repulsive case. The following 
result is Remark 5.4 of [12] if we restrict our attention to the case where 
vo ^ 0, and this is also a part of Theorem 1.7 in [21]. 

Proposition A. 2 (Necessary condition for A > case). Let A > 0, n ^ 3, 

po £ D^, and vq G with vq{0) = 0. Then, the classical solution of (A.l) 
is global only if C\R) ^0 for all R^O. 

A.4. Proof of Theorem 2.1. 

Proof of Theorem 2.1. By Proposition A.l, the solution breaks down in fi- 
nite time if n = 1, 2 and A < 0, since po ^ 0- Suppose n ^ 3. By assump- 
tions on the initial data, we have C(0) =0 and (7(r) ^ as r ^ cx). Now, 
Propositions A.l and A. 2 imply that the solution is global only if C'{R) ^ 
for all R ^ 0, that is, only if C = 0. In the A < case. Proposition A.l 
shows the solution is global if we take the positive root: 



(A.7) vo{R) = \l^>0. 



IA{R) 

R-" 

If A > then (7 = implies p = 0, which is excluded by assumption. 

If n ^ 3, A < 0, and vo(R) is given as (A.7) then C = and so X satisfies 
the equation 



By separation of variables, we obtain X{t,R) = R{1 + t)^/"^ . Then, 

(A. 5) gives the explicit representation of the solution. □ 

Remark A. 3. The value C{R) is useful to describe the large time behavior 
of X{t,R) for n ^ 3. In previous results, we have already established the 
estimate 

Cit^/" + o(t2/«) ^ X{t, R) ^ Cat + o{t) 
for a constant Ci and C2 = \/C{R) in some cases (see [12, Remark 5.1]). 
Notice that the lower bound is 0{t^/^) and the upper bound is 0{t) as 
i — >■ 00. This estimate is sharp in such a sense that, as t ^ 00, the both cases 
X{t,R) = 0{t^/'') and X{t,R) = 0{t) can happen. Now, we summarize as 
follows: Let n ^ 3, A G M \ {0}, vo{R) G M, mo(-R) > 0, and 

C{R)-vo{R) +(„_2)^„_2- 

Let X(t,R) be a solution of (A. 4). 

• If C{R) > 0, then X{t, R) > for ah t ^ and X{t, R) = .^C{R)t + 
o{t) as t ^ 00. 

• If C{R) = 0, then A < and 



as i — > 00. 

liC{R) < 0, then A < and there exists tc < 00 such that X{tc, R) = 
0. 
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